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Abstract. We study the behaviour of persistent current of relativistic electrons on a one dimensional ring
in presence of attractive/repulsive scattering potentials. In particular, we investigate the persistent current
in accordance with the strength as well as the number of the scattering potential. We ﬁnd that in presence
of single scatterer the persistent current becomes smaller in magnitude than the scattering free scenario.
This behaviour is similar to the non-relativistic case. Even for a very strong scattering potential, ﬁnite
amount of persistent current remains for a relativistic ring. In presence of multiple scatterer we observe
that the persistent current is maximum when the scatterers are placed uniformly compared to the current
averaged over random conﬁgurations. However if we increase the number of scatterers, we ﬁnd that the
random averaged current increases with the number of scatterers. The latter behaviour is in contrast to
the non-relativistic case.
1 Introduction
Persistent current (PC) in a normal metallic ring has
drawn signiﬁcant attention in the last few decades [1–11].
Due to the recent advancement in fabrication techniques,
it has now become possible to observe this current ex-
perimentally [12–15] in normal metal rings. Such cur-
rent is also observed in carbon nanotube rings [16–18] in
which the low energy spectrum of electrons require a rela-
tivistic description. There is a large number of intriguing
literatures on the energy levels and PC of relativistic
fermions [19–21] involving the condensed matter systems
like graphene [22–29] and topological insulator [30] in
which the low energy spectrum is also described by Dirac
Hamiltonian. For large particle mass the prediction of
both relativistic and nonrelativistic theory is similar, but
for small particle mass they diﬀer signiﬁcantly. Some re-
markable diﬀerence can be observed in case of scattering
and barrier penetration at this mass regime. Although the
nature of PC is well-studied for the condensed matter sys-
tems, there are still several aspects of relativistic fermions
which needs a further detailed analysis regarding scatter-
ing by a potential barrier/well on a ring geometry.
Motivated by the above mentioned facts, in this arti-
cle we investigate the nature of energy and PC spectra of
a relativistic fermion on a one dimensional (1-D) ring in
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presence of both attractive and repulsive scattering po-
tentials. Here we consider ﬁnite width as well as diﬀerent
strengths and conﬁgurations for the scatterers along the
ring. We adopt the relativistic Kronig-Penney model [31]
to carry out our analysis which has been widely used in
recent years for studying the eﬀect of potential barriers in
graphene [32–37]. Also the model we adopted here is suﬃ-
cient to describe the low energy spectrum of a monolayer
graphene with single valley and ﬁnite mass gap. Previously
such model has been considered in reference [28] where
they have considered quantum rings made out of single
layer graphene described by the Dirac Hamiltonian with a
ﬁnite mass term. Motivated by their model, in our work we
consider Dirac Hamiltonian with a ﬁnite mass gap (similar
to single valley of a monolayer graphene with a constant
mass gap) and the eﬀects of single and random impurities
on energy spectrum and persistent current therein. We
also assume that, in our model, impurities do not break
the valley degeneracy such that considering single valley
is a legitimate approximation.
Although the model is developed for relativistic par-
ticles, but for large particle mass it can predict the non-
relativistic nature as well. Our main focus is to investi-
gate the behaviour of PC with diﬀerent conﬁgurations and
strengths of the scatterers. We also investigate the varia-
tion of the maximum PC with single scattering potential
and show how the rate of change of PC varies with respect
to the strength of scattering potential for diﬀerent mass
gap. Finally we make a comparison among random con-
ﬁgurations of multiple scattering potentials along the ring
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Fig. 1. Schematic of our geometry where a magnetic ﬂux Φ is
threaded through a ring of radius R with relativistic electrons.
Here V1, V2 and V3, etc. correspond to the scalar impurities
modelled as potential wells/barriers placed along the ring.
and show that if the fraction of ring covered by the im-
purities remains the same, PC after the disorder average
becomes larger in magnitude with the increase of number
of impurities. The latter behaviour is in contrast to the
non-relativistic case.
The organization of the rest of the article is as follows.
In Section 2 we present a generic description of our model
for the quantum ring with relativistic electrons in presence
of scattering potentials. In Section 3 we analyse the spec-
trum and PC for a relativistic quantum ring in presence
of single scatterer of diﬀerent strenghts. In Section 4 we
discuss the PC in presence of uniform as well as random
conﬁgurations of scatterers after disorder average. Finally
in Section 5, we present our summary and conclusion.
2 Model and method
A quantum ring presents an ideal realization of an inﬁ-
nite lattice with periodicity 2πR, R being its radius. Due
to this periodicity one can use the Kronig-Penney (KP)
model [38] to study the eﬀect of impurities in such a ring.
In our analysis we incorporate the relativistic version of
the KP model. This model was ﬁrst introduced to study
the behaviour of quarks in a periodic nuclear lattice [31].
Here we have generalized this approach for multiple scat-
terer in an unit cell. The method basically involves two
steps – (i) ﬁnding the solution of Dirac equation in dif-
ferent regions of the ring and (ii) connecting the solutions
using the transfer matrices. Here we model our impuri-
ties within the relativistic ring as rectangular well/barrier
with ﬁnite width and strength. For vanishing scattering
potential strength, our results match exactly with the an-
alytical predictions [28].
Here we brieﬂy discuss our model which starts with the
Dirac equation for electrons on a 1-D quantum ring. The
model Hamiltonian is suﬃcient to describe the low energy
spectrum of a graphene monolayer for single valley with a
V1 V2 V3
Reg 1 Reg 2 Reg 3 Reg 4 Reg 5 Reg 6
 Unit cell0 2Π
Fig. 2. Schematic of the unit cell in which the cell is divided
into diﬀerent regions and some regions are characterized by the
scattering potentials V1, V2, V3 chosen randomly along the cell.
constant mass gap [28]. The Dirac equation is given by:
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where R is the radius of the ring and ζ1 and ζ2 are scalar
functions of the angular variable ϕ satisfying the normal-
ization condition |ζ1|2 + |ζ2|2 = 1. Here δ corresponds the
mass term or the band gap in case of condensed matter
system. The Dirac equation within the square well/barrier
can be obtained by replacing the energy E with E − V0,
where V0 is the strength of the well/barrier. Hence we
obtain two sets of linearly independent solutions charac-
terized by a spatial part eil+ϕ and eil−ϕ which can be
written as
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(
ζ±1
ζ±2
)
=
(
1
iκ±eiϕ
)
eil±ϕ, (2)
where κ± = cR
1/2+l±
E+δ .
Now we divide the ring into diﬀerent regions in space
(see Fig. 2) and deﬁne matrix Ωn(ϕ) = (Ψ1n(ϕ), Ψ
2
n(ϕ))
T =
CnWn(ϕ) for the nth region1, where
Ψ1,2n (ϕ) = A
1,2
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+
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−
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Hence solution for any individual region can be charac-
terised by the corresponding coeﬃcient matrix Cn. For
two consecutive regions, Cn will be connected by a suit-
able transfer matrix such that Cn+1 = TnCn [31]. By ap-
plying this transfer matrix method sequentially in every
region of the ring one can ﬁnd Tn for every region in terms
of the corresponding Wn(ϕ) from the continuity of Ωn(ϕ).
Now, if a ring has N number of such distinct regions in
space, then the transfer matrix for the entire ring can be
deﬁned as CN+1 = TRC1, where TR = TNTN−1 . . . T1.
Combining the latter with the periodic boundary condi-
tion Ψ1,2l (2π) = e
±i2πΦ/Φ0Ψ1,2l (0) [3] we ﬁnally obtain our
energy band equation as
2 cos(2πΦ/Φ0) = Tr [TR], (5)
1 Here we have omitted the index l for Ψn(ϕ), Ωn(ϕ) and
Wn(ϕ).
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Fig. 3. Energy spectrum for the relativistic particle with
δ = 14 meV as a function of the ﬂux without (dashed line) as
well as with (solid line) single scattering potential of strength
V0 = 35 meV. The radius of the Dirac ring is chosen to be
R = 10 nm.
where in equation (5) the role of the Bloch vector is played
by the magnetic ﬂux. Hence, the PC can be obtained
from the band structure according to the well-known
formula [3,4]
IP = −c∂E(Φ)
∂Φ
. (6)
The same model can be easily modiﬁed for a one di-
mensional ring made of monolayer graphene by replacing
the velocity of light (c) with the Fermi velocity (vF ∼
106 m/s) [28]. In the following sections we will use vF
which would be helpful to obtain a quantitative estima-
tion of the PC for condensed matter systems.
3 Single scattering potential
In this section we discuss the energy spectrum and the
PC for massive relativistic Dirac electrons on a ring in
presence of single scattering potential with various height
and width.
3.1 Eﬀect of mass gap and height
Even in absence of any scatterer the energy spectrum of a
relativistic Dirac particle is not simply a quadratic func-
tion of the ﬂux Φ [28]. For large mass the dependence ap-
pears to be approximately quadratic (see Fig. 3) and its
change due to the addition of a single scatterer is similar
to the nonrelativistic case [3,4]. Here we have chosen posi-
tive scattering potential (V0 > 0) for our analysis. Similar
behaviour can be observed for a negative scattering po-
tential (V0 < 0) which will be discussed later.
In presence of a single scatterer a gap opens up in the
spectrum (see Fig. 3) due to which the magnitude of the
maximum PC is reduced (see solid line of Figs. 4a and 4b)
than the scattering free case (dashed line of Figs. 4a
and 4b). Such behaviour is similar to the nonrelativistic
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Fig. 4. Variation of PC as a function of the ﬂux for massive
relativistic electrons is shown for (a) δ = 14 meV and (b) δ =
21 meV without (blue dashed line) and with (red solid line)
scattering potential V0 = 35 meV. The radius of the Dirac ring
is chosen to be R = 10 nm.
situation where the maximum value of the PC always be-
comes smaller in magnitude in presence of single scatterer
of equal strength [3,4].
In Figures 4a and 4b we show the PC for two diﬀer-
ent mass gaps. One can see that the amplitude of the PC
decreases with the increase of the mass term δ. From this
two ﬁgures, the amplitude of maximum current is decreas-
ing linearly with the particle mass. Keeping in mind that
PC is also inversely proportional to the square of the ring
radius [19,20], we see that for a ring with radius 300 nm
if we substitute the particle mass by electron mass, i.e.
δ = 500 eV, we can roughly estimate that the current will
be of the order of 0.1 nA, which is in fair agreement with
the experimental ﬁnding [15]. One can also see that the
Φ0 periodicity is still there in the relativistic case with the
characteristic shift of Φ0/2 [19,20].
In Figures 5a and 5b we show the behaviour of the
PC in presence of single potential barrier with diﬀerent
strengths. It is clear that the magnitude of the PC becomes
smaller and smaller as we increase the strength of the po-
tential which is quite expected. However what distinguish
it from nonrelativistic situation is that if we keep increas-
ing the strength of the scatterer, the maximum current
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Fig. 5. Variation of PC as a function of the ﬂux in pres-
ence of single scattering potential with diﬀerent strengths for
(a) δ = 14 meV and (b) δ = 21 meV. Here diﬀerent lines corre-
spond to the attractive scattering potentials with V0 = 10 meV
(red), V0 = 30 meV (blue) and V0 = 50 meV (green), respec-
tively. The black dashed line depicts the scattering free PC.
The radius of the ring is R = 10 nm.
instead of reaching zero, reaches a ﬁnite saturation value.
We shall discuss about this case in the next section.
3.2 Variation of maximum current
In this section we present a comparative analysis between
the eﬀect of the attractive and repulsive single scattering
potential on PC for the relativistic case (see Fig. 6).
The variation of maximum current is almost symmet-
ric around V0 = 0. The asymmetry is an outcome of the
fact that we have considered only positive energy particles.
One can see that as we consider smaller values of mass
term (δ) the behaviour of PC becomes more and more
symmetric. Note that in both cases the maximum magni-
tude of the PC decreases as we increase the strength (V0)
of the potential. The relativistic PC remains at a ﬁnite
value even in the presence of strong scattering potential.
This is due to Klein tunneling [39] which allows electrons
to pass through the barrier although the particle energy
is less than the barrier height when the barrier height ex-
ceed twice the particle rest mass energy. Also note that, for
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Fig. 6. Variation of maximum PC is shown with respect to the
strength of a single scattering potential for relativistic electrons
with four diﬀerent mass gaps δ (written in legend). The radius
of the ring is chosen to be R = 10 nm.
δ → 0, PC remains almost constant, which is in complete
agreement with the fact that massless particles cannot be
aﬀected by potential barriers.
The behaviour of maximum PC depicted in Figure 6
can be further illustrated by the phenomena of Klein tun-
neling for the relativistic case. In presence of single im-
purity, if the scattering potential strength V0 → ∞ and
the mass term δ → 0, then the barrier becomes transpar-
ent (transmission probability through the barrier T ∼ 1)
to the incident electrons due to Klein tunneling. In this
case we obtain large and almost constant PC as shown in
Figure 6.
On the other hand, if both V0 and δ are large but ﬁnite,
then transmission through the barrier becomes 0 < T < 1
as shown in reference [39] and we obtain the maximum
value of PC which is smaller in magnitude compared to
the previous case mentioned earlier. Hence, if we increase
δ further (keeping V0 same as before), then T becomes
smaller in magnitude than before and the corresponding
PC is further reduced. The latter behaviour is also de-
picted in Figure 6.
4 Multiple impurities
Here we discuss the behaviour of PC for the Dirac fermions
in presence of multiple scattering potentials with uniform
as well as random conﬁgurations (quenched disorder). In
the latter case, we assign the scattering potentials ran-
domly on the ring for a particular conﬁguration and con-
sider the average of energy/current over a large (∼1000)
number of conﬁgurations which is more realistic as far as
the experimental situation is concerned. The correspond-
ing mean free path (ξ) is of the order of typical system size
(L) i.e. ξ ∼ L as in our model we considerelastic scatterers
which do not break the phase coherence of electrons.
4.1 Uniform conﬁguration
Here we study a relativistic ring with scattering potentials
covering 40% of the ring for uniform spacing. In particular
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Fig. 7. The energy spectrum of the quantum ring for the rel-
ativistic case is shown in (a) and (c) with uniformly spaced 3
and 10 scattering potentials, respectively such that they
cover 40% size of the ring. The brown dashed line corresponds
to the scattering free ring. Variation of PC is shown in (b) and
(d). In all these cases, the average strength of the scattering
potentials are chosen to be V0 = 35 meV. The value of the
other parameters are δ = 14 meV and R = 10 nm.
here we discuss the results with 3 and 10 impurities. The
uniform conﬁguration almost overlap with the scattering
free spectrum as shown in Figures 7a and 7c. Also the
magnitude of the corresponding PC remains almost the
same as the scattering free case which is shown in Fig-
ures 7b and 7d. The reason behind such behaviour can be
the resonance scattering inside the ring aided by the rela-
tivistic tunnelling in presence of uniform conﬁguration of
impurities.
4.2 Random conﬁguration: disorder average
In this subsection we consider multiple impurities and
study the PC averaged over diﬀerent random conﬁgura-
tions. For better contrast with the scattering free and sin-
gle scatterer case, ﬁrst we consider 3 scatterers along the
ring. The PC becomes larger in magnitude than the single
scatterer case, but remains less than the scattering free
scenario. The corresponding behaviour of disorder aver-
aged spectrum and PC in presence of random scattering
conﬁgurations is shown in Figures 8a and 8b, respectively.
Note that in our analysis we have used a ﬁnite width
for our scatterer. However it can be easily generalised for
a δ-function potential by considering the zero width limit.
Reduction of the width of the scatterer will produce the
same eﬀect as reducing the potential strength. If we ap-
proach to the zero width limit in such a way that the
product of the scattering width and strength remain the
same, the resulting PC will also exhibit the similar be-
haviour (see Fig. 9).
In Figures 10a and 10b we show the disorder aver-
aged PC in presence of attractive and repulsive randomly
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Fig. 8. Disorder averaged energy (a) and PC (b) spectra for
3 scatterer which cover 40% size of the ring. The brown dashed
line in (a) corresponds to the scattering free ring. The solid red
line in (b) is the disorder averaged current and the blue dashed
line is the scattering free case. The single scatterer PC is shown
by the black dot-dashed line which is less than the 3 scatterer
PC. In all these cases, the average strength of the scattering
potentials are chosen to be V0 = 35 meV. The value of the
other parameters are δ = 14 meV and R = 10 nm.
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Fig. 9. Disorder averaged PC for three scatterer conﬁgura-
tions with diﬀerent width and height of impurities such that
their product remains the same. Individual widths and heights
are written in legend. Other parameter values are w0 = 40%
(total percentage of ring covered by scattering potential),
δ = 14 meV, R = 10 nm and V0 = 35 meV.
spaced scattering conﬁgurations, respectively. The be-
haviour of PC is similar for the two cases. Note that the
disorder averaged PC is enhanced is magnitude than the
single scatterer case as we increase the number of random
conﬁgurations. This behaviour is in contrast to the non-
relativistic case where PC becomes smaller in magnitude
than the single scatterer case due to the electron localiza-
tion in presence of random impurities [3,4].
In presence of a scattering potential the transmissiv-
ity of a particle decreases causing a decrease in current.
However for relativistic particle, due to Klein tunnelling,
there can be a resonant transmission at an energy less
than the barrier height. In presence of multiple scatterers,
the number of resonant energy levels also increases which
can cause an increase in the current under appropriate
condition. Qualitatively, due to the presence of multiple
scatterers there can be resonant tunneling through the
scattering potentials in contrast to the single impurity.
Resonant tunneling has been studied in case of double
barriers/wells in graphene in reference [40], considering a
similar simpliﬁed model like us in case of graphene with
a constant mass gap. Hence, some random conﬁgurations
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Fig. 10. Disorder averaged PC for diﬀerent number of scatterer
conﬁgurations covering 40% of total ring with (a) positive and
(b) negative potential for δ = 14 meV, R = 10 nm and V0 =
±35 meV.
of scattering potentials can give rise to resonant tunneling
through them which is the reason for the enhancement
of PC in the relativistic case. On the other hand, in the
non-relativistic case, random scatterers always cause the
electron wave function to be localized at the scattering
centres (Anderson localization) due to which PC becomes
smaller in magnitude as shown in references [3,4].
5 Summary and conclusion
To summarize, in this article we have presented the PC
for massive relativistic electrons on a 1-D Dirac ring in
presence of single as well as multiple attractive and repul-
sive scattering potentials. In presence of single scattering
potential, the maximum PC for the Dirac ring decreases
with the strength of the scatterer with a rate inversely pro-
portional to the particle mass. Even in presence of strong
potential, a ﬁnite value of the PC remains for a massive
particle. These two outcomes can be identiﬁed as a man-
ifestation of Klein tunnelling. Finally in presence of mul-
tiple scattering potentials with both uniform and random
conﬁgurations the PC is increased in magnitude than that
of the single scatterer case after the disorder average due
to resonant tunneling. This behaviour is in contrast to the
non-relativistic case where PC becomes smaller in magni-
tude than the single scatterer case in presence of random
scattering potentials.
In presence of multiple subbands (many electrons) for
a ring with ﬁnite width, our results for the PC remain
qualitatively the same as long as the subbands are not
interacting to each other. Although, if one considers band
mixing, then the qualitative feature of the PC remains to
be the same apart from the quantitative change in the
current. Moreover, the period of PC always remains to
be 2π.
The Dirac Hamiltonian we considered here is quite
suitable for a monolayer graphene ring considering single
valley [28]. As far as the practical numbers are concerned,
according to our numerical analysis, for a typical band gap
of δ ≈ 14 meV [41] and impuity strength V0 ≈ 35 meV,
a PC of magnitude IP ≈ 2 μA can be obtained for a
Dirac ring of radius R = 10 nm which can be measured
experimentally.
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